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Abstract. 

Properties of four infinite families of special functions of two real variables, 
based on the compact simple Lie group G2, are compared and described. Two 
of the four families (called here C- and S-functions) are well known. New 
results of the paper are in description of two new families of G2 -functions not 
found in the literature. They are denoted as 5^- and 5^-functions. 

It is shown that all four families have analogous useful properties. In par- 
ticular, they are orthogonal when integrated over a finite region F of the 
Euclidean space. They are also orthogonal as discrete functions when their 
values are sampled at the lattice points Fm C F and added up with ap- 
propriate weight function. The weight functions are determined for the new 
families. Products of ten types among the four families of functions, namely 
CC, CS, SS, SS'^, CS^, 5S^, SS^, S^S^, S'^S^ and S'^S'^, are completely 
decomposable into the finite sum of the functions belonging to just one of the 
families. Uncommon arithmetic properties of the functions are pointed out 
and questions about numerous other properties are brought forward. 



Discretization of characters of irreducible finite dimensional representations of 
any compact simple Lie group G was introduced in general in 110|. At the time 
it was motivated by the need to solve large computational problems in Lie theory. 
A quarter of century later the motivation would rightfully be called processing of 
digital data from lattices of any dimension, density, and symmetry. Large compu- 
tations made it a practical imperative to replace the basis of irreducible characters 
by the basis of constituents of the characters that are symmetric with respect to 
the Weyl group denoted here C-functions. Unlike the characters, C-functions are 
firmed as sums of limited number of exponential terms. 

It is perhaps curious to note that such a discretization was made possible only 
after publication of three papers during the few years preceding |10| . They were the 
following: (i) a concise description all conjugacy classes of elements of finite order 
in any G in [6] , then (ii) after it became possible to decompose even the extremely 
large characters into the sum of the sum of constituent C-functions |2j [11], and 
finally (iii) after the computation of character values of elements of finite order in 
G became practical [9]. The discretization of the skew-symmetric S'- functions in 
follows an analogous path. 



The G- and 5*- functions appear in the Weyl character formula [19j . The functions 

have been known, for more than half a century, as different constituent of the 
character [1] . They are well known for the uniformity of their properties across the 
compact simple Lie groups of any type, in particular their continuous orthogonality 
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when integrated over a finite region F of tlie reai Euciidean space, and tlieir discrete 
orthogonality when summed up over a lattice fragment in F of any density [101 IE] ■ 
In the specific case of G2 , they were described in [T^ and [TB] respectively. 

The aim of this paper is to confirm for the simple Lie group G2 , the existence 
and properties of two additional families of special functions denoted and . 
Existence of such functions was first noticeci^in 14 for the group C2. All four fam- 
ilies of functions are obtained by a summation of exponential terms over the Weyl 
group W{G2) of G2- They are refereed to as orbit functions. In 1-dimension, when 
the underlying group is the rank one simple Lie group Ai (equivalently SU{2)), the 
C- and 5-functions become the common cosine and sine functions, while S^- and 
5'^-functions have no analog there. We point out in the paper that the families of 
S^- and 5'^-functions do not exist for the group A2 (equivalently SU{3)). 

The history of the functions of the families and is short. It was noted in 
|14) that the 2-variable antisymmetric cosine and symmetric sine can be obtained 
by summation of appropriate exponential functions over the Weyl group W{C2) of 
the simple Lie group C2. Since flT is a special case of [7], where the n- variable 
symmetric and antisymmetric sine and cosine were defined, the families of S^- and 
5''^-functions could have been noted already in 7 in the context of the simple Lie 
groups Cn of any rank. 

The present paper is thus the first to describe the families and of orbit 
functions outside of the symmetric and antisymmetric generalizations of trigono- 
metric functions, their symmetries are more complicated. Most recently it was 
shown that the four families of orbit functions exist for all compact simple Lie 
groups with two root lengths [8l. 

The new results of the paper, which are the properties of S^- and S''^-functions 
of G2, are brought together and compared with the properties of the G'2-orbit 
functions of all four families. 

The second goal of the paper is to describe the properties of the new families of 
orbit functions when they are discretized, that is when their values are sampled on 
a lattice fragment Fm C F C R^. It turns out that the functions within families C, 
S, and are orthogonal when summed up over the same finite fragment Fm 
of the lattice in F of any density specified by M E N. Although the same grid Fi\i 
may be used for each family, the appropriate weight functions are different. That 
makes the functions of either family suitable for expansion of 2-dimensional digital 
data. This has been known for over two decades [TU] and used in some very large 
computations, for example in [3]. It is also known for S'-functions [T^IIIH]- For 
and types. It is exposed only here and in the forthcoming papers [8l [14]. 

The definition of the orbit function is contained in Sec. [5] together with de- 
scription of their behavior at the boundary of the domain F and their continuous 
orthogonality in F. It is shown that all the orbit functions are either real or purely 
imaginary. A simple renormalization makes the later functions also real. 

In section m orbit functions are discretized. Discrete orthogonality of the orbit 
functions is proven. 

In section [SJ the decomposition of the products of pairs of orbit functions into 
their sums is described. All 10 products, CC, GS, GS^, GS^, SS, SS^, SS'^, 
S'^S^, S^S^ and , decompose into the sum of orbit functions from just one 

family. A product of a pair of orbit functions contains either 144 or 72 or 36 



^In [l2] different notations are used. Namely C = C+ , = C~ , S = S~ and = S+. 
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exponential terms which can be rewritten as half as many trigonometric function 
terms. The information is then used to find the recurrence relations for the orbit 
functions. 

Arithmetic properties of the orbit functions remain mostly unexplored in the 
literature. In section 6, we present just the properties of C-functions, directly 
deduced from the corresponding properties of the characters [9 . 

In G2 there are precisely 14 (conjugacy classes of rational) elements at which all 
the C-functions have integer values. In Table S] we list the 14 elements specified by 
the values of their coordinates x £ F, and show the values of C-functions at several 
lowest orbits of W{G2)- Corresponding properties of the families S, and are 
not known. 

2. Preliminaries 

The two simple roots of C2 and their numbering are shown on the Dynkin 
diagram 

1 2 

ai a2 

They span the real Euclidean space R^. Standard conventions for writing the 
diagram identify the lengths and relative angle ^ between the simple roots as 
given by 

2 

(ai,ai)=2, (ai,a2) = -l, (a2,a2> = g- 
Relations between the four bases we will use can be written explicitly: 

Qfi = 2loi — 3i02 , 0:2 = —(jJi + 2uj2 , wi — 2ai + 3a2 , a;2 = ai + 2a2 , 

ai — 2u}i — u}2 , Oi2 = —3^1 + 2tjj2 , ~ 2ai ~\- a2 , W2 = 3cii -f- 2d2 . 

They follow from the Z-duality requirement 

{aj.uJk) = {aj,uJk) = Sjk , j,k = 1,2. 

The link between a- and w-bases is provided by the Cartan matrix of G2 and its 
inverse, 

(ai 02) = "2^) {uji W2) , (wi u!2) = ill) (ai 012) 

The determinant of the Cartan matrix is 1, therefore the root lattice Q and the 
weight lattice P coincide in the case of G2. 

Q = P = Zai + Zq;2 = "Luji + Zw2 . 

Reflections ri and r2 in mirrors passing through the origin and orthogonal to 
simple roots generate the root system A from the simple roots. 

The set of positive roots A_|. , the set of positive long roots A;^ , the set of positive 
short roots A;^ and their half sums p, , are the following: 

A+ = {ai,a2,ai + Q!2, ai + 2a2, + 3a2, 2ai -I- 3q!2}, p = 3ai + 5a2 = cui + U2 , 
A^ = {ai, ai + 3a2, 2ai + 3a2}, p^ = 2ai + 3^2 , 

^+ = {^2, ai + a2, ai + 2a2}, p^ = ai + 2a2 = ^2 ■ 
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Figure 1 . A schematic view of the co-root system of G2 ■ A shaded triangle 
is a fundamental region F. Black (open) dots are the long (short) co-roots. 
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Figure 2. Weyi group orbits of the three types of dominant points A 
(a, 6), (a,0) and (0,6). 



3. Orbit functions of G2 

3.1. Weyl group orbits of G2. 

The Weyl group W{G2), which is generated by two reflections = ri and = 
r2, is abstractly defined by the following conditions on its generating refiections: 



2 2 1 / \6 1 



(1) 
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In addition, it is assumed that the exponent 6 in ([!]) is the lowest one that would 
allow the equality to hold. 

Reflections ([IJ act in the 2-dimensional real Euclidean space M? spanned by the 
simple roots, according to 

rkX = x- ^^"'"^| afc, xeW^, k = 1,2. (2) 

("fc, Oik) 

Together with the affine reflection in the highest root ^ — 2ai + 3a2 = t^i = wi, 

R^x = ^ + r^x = ^ + x~-^^^, (3) 
and ^ generate the affine Weyl group of G2 . 

A Weyl group orbit W\ is the set of distinct points ('weights') obtained from 
single seed point A by repeated reflections of ([2]). The points comprising an orbit 
are shown on Figure [2] Note three properties of the orbits of W{G2) that are of 
importance to us; 

(i) Any point x E F belongs to only one orbit W\. 

(ii) There is one point, called dominant, A € W\ with non-negative coordinates in 
w-basis. 

(iii) For each ^ e Wx there is also the point —fi S Wx- 

The fundamental domain F of G2 is the convex hull of its three vertices 

F = {0,ia;i,io32}. (4) 

There is a one-to-one correspondence between dominant points of the orbits and 
the points of F. 

3.2. The 'new' and 'old' orbit functions. 

In general, the function of an orbit Wx of W{G2) is understood here to be the 
sum of exponential terms 

CT(^)e2"<'''^> , A e P+, xe R'^, a{fi) = ±1 (5) 

where the summation extends over the points fi of the Weyl group orbit Wx con- 
taining the dominant point A. The homomorphism 

a:W — > {±1} 

determines the four families of orbit functions [8] . 

The map a{w) is given by the values cr{ri) G {±1}, i = 1,2. For G2, the necessary 
and sufficient condition for a homomorphism to exist is that (cr(ri)cr(r2))^ — 1, 
which is automatically satisfied. Consequently there are 4 homomorphisms a and 
their orbit functions: 

fT(ri) = a{r2) = 1 =^ C 

a{ri) = a{r2) = -1 S 
a(ri) = -l, <T{r2) = l =^ 
a(ri) = l, a{r2) = -l =^ 5^ 

The homomorphisms leading to C- and 5- functions are 'old' [TSl [T71 [TH] , while the 
remaining two leading to the S^- and 5''^-functions are 'new' [5]. 

Signs of individual exponential terms in orbit functions are given in Table [T] 
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3.3. Characters of G2 and the orbit functions. 

The character xx{x) is given eittier by summation over the weight system of 
the irreducible representation with the highest weight A or by the Weyl character 
formula, 

XA(x)=^mA^C^(a;) = %t^, X, G P+ , p=(l,l), x e (6) 

where the summation extends over the dominant weights in the weight system of 
the representation A. 

The C-function Cp(x) is defined by summation over the points rj of one VF-orbit, 
appearing in the scalar products (77, x), 



The coefhcient toa/x in © is the multiplicity of the dominant weight /i in the 
weight system of the irreducible representation specified by its highest weight A. 
The multiplicities are calculated using algorithm [TT] , or they can be read from the 
extensive tables [2]. By a suitable ordering of the weights in P"*", used for example 
in [2], the matrix (jn\^) becomes triangular with all diagonal entries being 1. Such 
a matrix can be inverted into {ni^^). Therefore, in addition to ([6]), we always have 
also 

A ^P^""' A 

Many known properties of characters carry over through ([8]) into properties of the 
functions of the C family. 

Example 1. 

Reading {mx^) as the 8x8 matrix from [2j, and inverting that matrix, we 
get in particular C(^2.i){^) the following linear combination of the seven lowest 
characters 

C(2,1)(.X) = X{2X){x) - X{o.2){x) ~ X(3,0) W - X(is){x) + X(2.0) W + X(o,i)(^)- 

In principle, all irreducible characters of G2 are also obtained from the character 
generating function [3] of G2. Expanding the generating function into power series, 
the characters are found as coefhcients of appropriate powers of the series. 

An interesting comparison of the new functions with the character x\ {x) is made 
when they are written in the form closely resembling ([S]), 



St \ '^A+ps(^) S n I \ 



The symbols = (IjO) £^nd — (0, 1) stand for the half sums of respectively 
positive long roots and positive short roots in w-basis. 

While the character x^i^) is probably the most important function in represen- 
tation theory, no role of X\{^) ^-^d Xa(^) been identified so far. Unlike the 
coefficients mxp, in dH]) , no analogous algorithm to [IT] is known for coefficients ^ 
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and mf ^ , but their values can be readily found for the lowest few dominant weights 
A using the recursion relations for the appropriate orbit functions, see section [5l 

Example 2. 

In order to illustrate how different the functions xx{x)f Xxi^) and Xa(^) really 
are for the same value of x, let us compare the lowest few characters ([6]) with the 
corresponding expressions for ([9]) . 



A(i,uJ 


— w ^ 1 n ^ 


-\- O f'n 1 A "1 


~ f'n n\ . 










A(1,0) 
















Y?. ^^ 
A(1,0) 


^(1,0] 




—1— 1 J /n n\ 










A(0,1) 


^(0,1' 


^~ ^(0,0) 7 












A(U,1 ) 


— Or"!! 1 ~i 














A(0,1) 


— ^(0,1' 


1 '^^(0,0) 












X(i,i) 




+ 2C(o.2) 


+ 2C(i^o) 


+ 4C(o,i) 


+ 4C(o^o) 






xfi,i) 


= C(i^i) 


+ C'(0,2) " 


1- 2C(o,i), 










xfi,i) 


= C(i^i) 


+ 2C(o,2) 


+ 3C(i^o) 


+ 4C(o,i) 


+ 4C(o^o) 






X(2,0) 


= ^"(2,0) 


+ C'(o,3) ^ 


^ C'(i.i) + 


2C(o,2) + 


3C(i,o) + 


3C(04) 4 


' 5C(o,o) 


X(2,0) 


= C'(2,0) 


+ C'(o,3) - 


1- 2C(i^o) ^ 


1- 3C(o,o)7 








X(2,0) 


~ ^(2,0) 


+ - 


^ 2C(o^2) ^ 


1" 2C(i_o) ^ 


1^ 2C(o,i) - 


1" 2C(o,0): 




X(0,2) 


= C'(0,2) 


+ C'(i,o) ^ 


1- 2C(o,i) - 


1- 3C(o,o)7 








xfo,2) 


— ^(0,2) 


+ C'(04)' 












X(0,2) 


= ^^(0,2) 


+ C'(i,o) ^ 


^ 2C(04) " 










X(0,3) 


— ^(0,3) 


+ - 


^' 2C(o,2) - 


1- 3C(i^o) ' 


4C(o,i) - 


1- 5C(o,o), 




X(0,3) 


= ^(0,3) 


+ 2C(i^o) 


+ 2C(o^o) 










X(0,3) 


= C'(0,3) 


+ C'(o,i) - 


^C'(i.i) + 


2(^(0,2) + 


2C'(i_o) + 


2C(04) 


' 4C(o,o) 



The particular cases of characters with fixed value of a; G F and general dominant 
weight A are also useful. For example, the dimension of an irreducible representation 
of G2 with the highest weight A = (a, h) G P+ is given by the following: 

X(a,b)(0, 0) = -^{a + l){b + l)(a + & + 2)(2a + 6 + 3)(3a + fo + 4)(3a + 26 + 5) , 

a,6eZ^°. (10) 

Analogous expressions for X[a b) (*^' 0) ^^^^ xfa 6) (Oi 0) ^'^'^ Y^t to be found and, more 
importantly, their interpretation should be given. 

Combining the orbits. Figure [5J and the signs ([T]), one finds also 

5(%(0,0)=0, 5f„,o)(0,0) = 0, 5f„,,)(0,0)=0, 
5f,,,)(0,0)=0, 5f,_o)(0,0) = 0, 5fo,,)(0,0)=0, 
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3.4. Explicit form of the orbit functions. 

It is convenient to specify the general functions of types S, and by their 
dominant point written as the sum of two terms, one general and one being the 
half sum of the corresponding positive roots. More precisely, 

S\+pix) = Sx+(i^i){x) = S'(i,i)(a;) ^ mx.f,Cf,(x), 

where A,/z G P+ and a; G M-^. Substitution of the orbit points of Figure [D into 
yields 

C(a,b){x) = 2[cos27r((a, b),x) + cos27r((a + b, —6), x) 

+ cos 27r((— a, 3a + b),x) + cos 27r((— a — b,3a + 2b), x) 
+ cos2TT{{2a + b,~3a~2b),x) + cos 27r((-2a - &, 3a + b),x)], 
C(a.o)(2^) = 2[cos(27r((a, 0), x)) + cos(27r((— a, 3a), x)) + cos(27r((2a, —3a), a;))], 
C^o,b){x) = 2[cos(27r((0,6),a;)) + cos(27r((6, -6), x)) + cos(27r((-6, 26), a;))]. 

Choosing a suitable basis for a; g M^, it remains to calculate the scalar products in 
each cosine. 

Another way to explicitly describe the orbit functions is to supply the factors 
±1 that multiply exponential terms in the orbit function ([5]) for C-, S-, 5^- and 
5''^-functions. In the case of C-functions, all signs are positive. Table [1] presents a 
concise way to provide the signs in other cases. 

3.5. Orbit functions at the boundaries of F. 

It is known and easy to verify directly for G2 that all C-functions are symmet- 
ric with respect to reflections in the boundaries of F, while all ^'-functions are 
antisymmetric with respect to such reflections. 

Geometrically, domain F oi G2, see (|H), is half of an equilateral triangle, its right 
angle being at the vertex ^oji- The sides of F, which are of different length, can 
be distinguished by the reflection mirror they are part of. Specifically, 

ri : reflection across the side 0, ■iw2 

r2 : reflection across the side 0, ^wi 

: (afhne) reflection across the side ^uji,^lj2 

The orbit function, being continuous and with all continuous derivatives, vanish 
at the boundaries of F in the following cases: 

orbit functions S and are antisymmetric at 0, ^012 

orbit functions 5* and are antisymmetric at 0, ^cDi (11) 

orbit functions S and are antisymmetric at 5^1, 

At other boundaries of F, the orbit functions are symmetric, i.e. their normal 
derivative to the boundary is zero. 
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A = {a,b)uj 


C 


s 






(a, 6) 


+ 


+ 


+ 


+ 


(—a, 3a+b) 


+ 


— 


+ 


— 


{a+b, -6) 


+ 


— 


— 


+ 


(2a+fe, -3a-fe) 


+ 


+ 






{-a-b,3a+2b) 


+ 


+ 






{-2a-b, 3a+2fe) 


+ 






+ 


(2a+6, -3a-2fe) 


+ 




+ 




{a+b, -3a-2fe) 


+ 


+ 


+ 


+ 


(-2a-6, 3a+b) 


+ 


+ 


+ 


+ 


{-a-b, b) 


+ 




+ 




(a, —3a— 6) 


+ 






+ 


i-a, -6) 


+ 


+ 







A = (a,0)^ 


C 




(a,0) 


+ 


+ 


(—a, 3a) 


+ 




(2a, -3a) 


+ 




(-2a, 3a) 


+ 


+ 


(a, —3a) 


+ 


+ 


(-a,0) 


+ 






A = (0,b)u, 


c 




(0,6) 


+ 


+ 


(6, -b) 


+ 




(-b, 26) 


+ 




(6, -26) 


+ 


+ 


(-6,6) 


+ 


+ 


(0, -6) 


+ 





Table 1. Description of the orbit functions of types C, S, and of 
an orbit W\ . Each row pertains to the exponential term in the orbit function 
JSj, that carries the point shown in the first column. The subsequent four 
columns provide the signs cr(^) of the same term in each of the four orbit 
functions. 



3.6. Continuous orthogonality of the orbit functions of G2. 

Orthogonality of the irreducible characters over F is well known [19] . Also the 
orthogonality of C- and S'-functions has been shown jT^] in general. An demon- 
stration of orthogonality for all orbit functions, including the new ones, follows a 
similar path. 

Since a C-function can be viewed as a linear combination of irreducible char- 
acters, the orthogonality of the C-function follows. A product of a pair 5*^5^ of 
functions is a product of linear combinations of C-functions multiplied by the partic- 
ular 5*^1, 5*^1, , which decomposes into the C-functions (see Table [3]). Since products 
of C-functions are completely decomposable, the orthogonality of S^-functions fol- 
lows. An analogous argument can be made for the 5''^-functions. It remains only 
to work out what the value of products is when the same functions are multiplied. 

In the case of G2 , the orthogonality of C-functions was described in [17] , and the 
orthogonality of S'-functions is found in [TB]. We recall and complete those results 
with the orthogonality relations of S^- and S''^-functions. In fact, corresponding 
double integrals can be calculated directly. 

A continuous scalar product for any two square integrable functions f{x) and 
g{x) is defined on the fundamental region F of C2: 

{fix),g{x)) :^ J f{x)'^dF, x=(a:i,X2). (12) 

F 
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For A = (a, fo), ^J. — {c,d), {a,b,c,d > 0), we have the G2 continuous orthogonahty 
relations: 

2 3 3 1 



' iia = b = c = d^O, 

if a = and & = d = 
= ' or a = c = and 6 = d > 0, 

\/3, if a = c > and & = d > 0, 
, 0, in other cases. 

a a — c > and b ^ d > 0, 
in other cases. 

ifa = c>0nd6 = (i>0, 
ii a — c > and 5 = li = 0, 
in other cases. 

ii a — c > and 6 = d > 0, 
if a = c = and b ^ d > 0, 
in other cases. 

4. Discretization of orbit functions of 6*2. 

Discretization of the C-functions of any compact simple Lie group was invented 
[TU] as a practically indispensable tool for solving large problems in representation 
theory, see for example [J] . We present it here because the discretization of orthog- 
onal polynomials in |16) would not be possible without discretized orbit functions. 

The main steps of discretization are 

(i) Setting up lattice fragment Fm C F of desired density determined by our choice 
of a natural number M, see Figured That is, describing points x S Fm- 

(ii) Sampling the orbit functions at the points of Fm ■ 

(iii) Demonstrating the orthogonality of the orbit functions when summed up over 
Fm with the weighting function appropriate for each point x € Fm- 

4.1. The lattice grid Fm- 

The lattice grid Fm = ]g-P H is a finite fragment of the weight lattice P of 
G2, refined by our choice of positive integer M. The same grid is used for all four 
types of the orbit functions. 

Suppose that a positive integer AI has been chosen and fixed. The points of Fm 
are in one-to-one correspondence with the triples [sq, si, S2] such that 

Af = so + 2si+3s2, so,si,S2 el-" - (13) 
Each triple is then drawn as the point 

%C0, + ^C02^{%,§)eFM- 

Thus points of Fm are determined by the sum rule (1131) . In particular, the triple 
[M, 0, 0] is the vertex of F that is the origin of P for all choices of M. 
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Example 3. 

We write some examples of the points of Fm together with their positions in F 
shown on Figure [31 A point is given in terms of its Kac coordinates [so,si,S2] as 
well as by its coordinates in the w-basis: 



M = 2 : 


[2,0,0] = 


(0,0), 


[0,1,0] = (i,0). 




M = 3 : 


[3,0,0] = 


(0,0), 


[l'l'0] = (i,0). 


[0,0,1] = (0,i). 


M — 6 : 


[6,0,0] = 


(0,0), 


[4,1,0] = (i,0). 


[3,0,l] = (0,i), 




[2,2,0] = 


(io), 


[l'l'l] = (i5)' 


[0,3,0] = (i,0). 




[0,0,2] = 


(o,i). 






M = 10 : 


[10,0,0] = 


= (0,0), 


[8,1,0] = (^,0), 


[6,2,0] = (^,0), 




[4,3,0] = 




[2,4,0] = (^,0), 


[0,5,0] = (^,0), 




[7,0,1] = 


(0,1^), 


[4,0,2] = (0,^), 


[1,0,3] = (0,-^), 




[5,1,1] = 


V 10' lO-* ' 


[3,2,1] = (^,^), 


[1,3,1] = (^,^) 




[2,1,2] = 


V 10' 10' ' 


[0,2,2] = (A,^). 




Note the 


relations F3 


C Fg C F30 and Fio C F30, and also Fie 't -F30. 


The size 


of the grid | 


Fm{G2)\ is 


known 5 . It is the number of points in Fi 




\Fm{G 


2)1 - [f ] - 


m 

hi + E[^]' 


M e N. 



i=0 



where [ • ] denotes the integer part of a number. 

4.2. Fourier analysis on the lattice grids Fm- 

In general, discrete orthogonality of C functions of any simple Lie group was first 
introduced and extensively used in [10]. Discrete orthogonality of G'2-functions of 
the C and S families was described in [T71[IH]- It is included here for completeness. 
The discrete orthogonality of the G2 functions within the families of S^- and S^- 
functions is new. 

Recall 

(C(Q,6),C'(c,d))M E CsC(Q,f,)(s)C(c,d)(s) , a,&,c,deZ-°, (14) 

where the coefficients Cs = | staW(^)| '^o^^t the number of points on the maximal 
torus that are conjugate to s £ F. In the case of 6*2, the coefficients are given in 
Table [H 



s e Fm 


[*, *, *] 


[*,*,0] 


[*,0, *] 


[0, *, *] 


[*,0, 0] 


[0, *,0] 


[0,0, *] 


Ca 


12 


6 


6 


6 


1 


3 


2 



Table 2. The values of coefficients Cs of discrete ortiiogonality relations 
I I14II . Points c are shown in Kac coordinates [so, si, S2], where * denotes any 
positive integer. 
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M = 3 M = 6 M = 10 




M =16 M = 30 

Figure 3. The lattice grids Fs, Fa, Fio, -Fie and F30. 

More generally, we define the product of functions /(s) and g{s) sampled at the 
points s G Fm, 

{f,9)M (15) 

s^Fm 

Combining (|14p and (|15p , we have the formalism for expansion of digital data: 

/(s) -^dACA(s), AeP+, seFM, (16) 

A 

dx= J2 c./(s)Ca(.s) =: ^^As/(s). (17) 

s^Fm s^Fm 

The matrix M = {M\s) ■= {csC\{s)) is not dependent on the data function /(s). 
Therefore, it can be calculated in advance, stored, and used again, thus speeding 
up the computations. 
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The range of values of A involved in ([T6|) and ([TT]) for each Fm was founcH in [5] , 

namely 

A e Am := {(a, &) G P+ | 3a + 26 < A/}. 

The principal motivation underlying this paper is to generalize the relations ([16]) 
and (fT7|) to the functions of the families 5*, 5^ and 5"^, thus increasing digital data 
processing options. 



4.3. Orthogonality of orbit functions on the lattice grids Fm- 

Orthogonality of the orbit functions is what makes the relations ([T6|) and (fT7|) 
possible. 

li a — h = c = d — 0, 
if a = c = and < 5 = d < ^ , 

or 6 = rf = and < a = c < ^, 
if a = c = and < 6 = d = f-, 

orO<a = c, 0<6 = (i and 3a + 26 < M, 
if < a = c = and 6 = d = 0, 
if < a = c, < 6 = d and 3a + 26 = Af, 
in other cases. 

(18) 

Orthogonality of S'-functions on Fm is closely related to the discrete orthogonal- 
ity of irreducible characters ([5]). It was proven independently in [T2]. 

,„ „ , iojir2 f I7 if < a = c, < 6 = d and 3a + 26 < A/, , , 
(%ft),5(,,,))A,/-12Af .| in other cases. ^^^^ 

The simplicity of (IT9|) in comparison with (|18p is due to the fact that S'-functions are 
zero on the boundary of F. Indeed, replacing C-functions in (jl4p by S'-functions, 
contributions from the points at the boundary dF of F to the sum is eliminated 
because the S-functions vanish at dF. 

The demonstration of the orthogonality of S^- and Sf -functions follows from the 
argument in [T^] . One has to take into account at which part of dF the functions 
vanish, and at which part they remain (jlip . 

i , if 6 = d = and < a = c < , 

1, if < a = c, < 6 = d and 3a -I- 26 < Af, 
§, if < a = c= and 6 = d = 0, 

2, if < a = c,0 < 6 = d and 3a-h26 = A4^, 
0, in other cases. 



12 ' 
1 

2 ' 



1, 

3 
2' 

2, 



I 0, 



1 if a = c = and < 6 = d < ^, 



('5'fa,b) , ^(ld)> M = 12Af ' ■ { 1,' if < a = c, < 6 = d and 3a + 26 < A4", 

in other cases. 



'This fact is the core of the generalization to G2 of the Nyquist-Shannon sampUng theorem. 
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5. Decomposition of products of orbit functions 

The product of any pair of orbit functions has definite transformation properties 
with respect to the Weyl group. It decomposes into the sum of orbit functions with 
the same transformation properties. Ten different pairs can be formed from the 
functions of the four famihes. The product of each pair decomposes into the sum 
of orbit functions of one family. In Table [3l the outcome of the decomposition is 
shown for the ten pairs. Decomposition of characters into the sum of irreducible 



product 




s^s 


ss 


s^c 




sc 


ss^ 


cc 






terms 


c 




c 




s 


s 




c 




c 



Table 3. structure of the decomposition of the ten types of products of 
orbit functions. The second row shows which functions appear in all the terms 
of the decomposition of a product into the sum. 



characters is a well known problem with no bounds; the bigger the representations 
multiplied, the longer the sum of corresponding irreducible characters. In contrast, 
decomposition of orbit functions is always a finite problem. 

In the case of 6*2, an orbit function is the sum of at most 12 exponential terms. 
Hence a product of two functions contains at most 144 exponential terms regardless 
how large their dominant points may be. Therefore at least in principle, it would 
be possible to write down all of pairs of orbit functions. Given the fact that there 
are ten types of products, it would not be very practical. Therefore we present 
here decompositions of only some of the lowest orbit functions and some of the 
generic ones. The arguments x of each orbit function has been omitted to simplify 
notation. 

C(i,o)C'(i,o) — C'(2,o) + 2C(i^o) + 2C(o,3) + 6C(o,o), 
C(o,i)C'(o,i) = C(o,2) + 2C(o,i) + 2C(i^o) + 6C(o,o), (20) 
C(o,i)C'(i,o) = + 2C(o,2) + 2C(o,i). 

Examples of more general products of the orbit functions of G2 and their de- 
compositions: 

C(a,b)C(a,b) =12C(o,o) +C(2Q,2h) +2C(Q^b) +2C(a+ho) +2C(a,0) +2C(o,6) +2C(2a+fc,0) 
+ 2C(b^3a)+2C(o,3a+h)+2C(o,3a+26)j 

^(0,3a)j 



C(a,0)C\afi) 




l"C'(2a,0) 


+2C(a,0)4 


-2C( 


C(0,fc)C'(o,f,) 


=6C(o,o)- 


l"C'(0,2fc) 


+2C(o^6) + 


2C( 


C{aM)S(a,b) 


~ — 2S(b,3a)+S(2a 


26)+2S'(q,6)j 


^(a:b)'S'(^,6) 


_oL 

— '-'(2a, 26) 


+ 2S'(^q4 


6,0) 25'(^ 


.6) 




_cL 

— '^(2a,0) 


'2'5'(^,o) 






C^(a,b)Sfa,b) 


_c.S 

— '-'(2a, 26) 




~'^^iO,b)^ 


-2Sl 


C(0,6)'5'(^,fc) 


_qS 

— "^(0,26) 


2'S'(^,6)i 







)+2'S'(^,3a+26)' 



S{a,b)S(a,b} — 12C(o,o) -1-C(2a,2fc) +2C(a^(,) — 2C(Q+f,^0) — 2C(a^0) ^2C(o,6) " 2C(2a+6,0) 
+ 2C(b_3o) — 2C(o^3a+6)^2C(o^3a+2h); 
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J{a,b)^{a,b) " "^(20,26) ~^'^(a,6) +^'^(0,b) +^'^(0,3Q+b) ^^'^(0,3a+2b) ' 

5cS qL oqL OQ^ _lO I o qL 

{a,b)^(a,b) " '^(2a,26) "^-^(a.b) ~^'^(2Q+b,0) +^'^(a,0) +^'^(a+b,0) ' 

^{a,b)^{a,b) " ^ 12C(o,o) +^^(20,26) +2C(a_b) +2C(a+;,.o) +2C(a^0) — 2C(o^b) +2C(2a+6^0) 

~2C(b^3Q) — 2C(o,3q+6) — 2C(o^3a+26)j 
^{a,0) ^{a,0) =~6C(o,0) +C(2a.O) +2C(a,0) -2C(o,3a) , 
^{a,b)^{a,b) ='5'(2a,2b) +25'(b,3a) +25(a_;,) , 

^{a,b)^{a,b) =^ 12C(o,o) +^^(20,26) +2C(a,b) — 2C(a+f,^0) ~2C(a,0) +2C(o^b) — 2C(2a+6,0) 
^2C(b^3a) +2C(o,3a+b) +2C(o^3a+2b) j 

^{o,b)^{aM) =^6C(o,o)+C(o,2b)+2C(o,f,)— 2C(f,,o)- 
Example 4. 

Curiously, there are precisely 14 points x € F where all C-functions of G2 take 
integer values. Those points ('rational points') were found in [13_ and are shown 
in Table ID By replacing the C-functions in (|20p by the corresponding integers, 
the equalities are maintained. In order to see that, take any of the 14 columns of 
Table |3] and replace the C-functions in ([^0)1 by the entries in that column from the 
corresponding rows. 

For example, we consider the decomposition of C(i p) (2;)C(i p) {x) of (j20p at points 
X = (0, 0), (^,0), (|, 0), ]^)- Values of the C-functions at these points are taken 
from the corresponding columns of Table |4l 

x^F C(i,o)(a:)C(i^o)(a;) = C(2.fi){x) + 2C(i,o)(a;) + 2C(o,3)(a;) + 6C(o,o)(a;), 

a; = (0,0) 6x6 =6 +2x6 +2x6 +6x1, 

a; = (i,0) (-2) X (-2) = 6 +2 X (-2) +2 X (-2) + 6 X 1, 

a; = (i,0) (-3) X (-3) = -3 + 2 x (-3) + 2 x 6 +6x1, 

x = {\,^) (-1) X (-1) = 1 +2 X (-1) + 2 X (-2) + 6 X 1. 

Analogous equalities hold for all recurrence relations of C2. Unfortunately, the 
rational points for 5, 5*^, and families, where the functions take integer values, 
are not known. However they do exist because the origin x = (0,0) is clearly one 
of them. 



6. Arithmetic properties of orbit functions 

Consider the three functions ©, the first of which is the Weyl character formula. 
In this section, we are interested in the cases where the variables x S of the 
functions have rational coordinates in the cj-basis. They were extensively studied 
in [9]. The common divisor of the coordinates of such x is the order M of the 
elements of G2 that belongs to the same conjugacy class of elements represented in 
F by X. Compare a description of such elements 

{xeF\x = j^iji + ||W2 , M = So + 2si + 3s2, (21) 

so,si,S2 e gcd{so,si,S2} 1} 

with the lattice points of Fm- The difference is that in ([21]) one also requires 
gcd{s/c} = 1, i.e., that the Kac coordinates [so, si, S2] of x have no common divisor. 



16 



MARZENA SZAJEWSKA 



Arithmetic properties of the orbit functions are meant to be here the information 
that can be deduced from the character values of conjugacy classes of elements of 
finite order in G2. 

Most interesting are the rational elements, that is the elements of G2 given by the 
points of a; e at which the characters x>~{^) take integer values for all A G P+. 
They are the conjugacy classes of finite symmetries of the root lattice Q of 6*2. 
There are precisely 14 conjugacy classes of rational elements in G2. Their position 
in F is shown in Figure |31 They were found in [T3] . Table 2] contains the rational 
elements and their values at the lowest C-functions. 

The matrix {m\^) of the dominant weight multiplicities, see ([6]), is triangular 
[2] with entries 1 on the diagonal. Such a matrix can be inverted so that the C- 
functions are given as a linear combination of characters with integer coefficients. 
When considering the rational elements at which all the characters are integer 
valued, all the C-functions also have integer values. Consequently all the functions 
of ^ have integer values at rational points. 

By definition 9 , a point x F specifies a rational element g{x) e G2 of some 
order M, i.e., g{x)'^'^ = 1, provided all powers g(x)'', where k does not divide M, 
are elements conjugate to g{x). When a power k of g{x)^ divides M, it is a rational 
element of lower order, namely M/k. 




Figure 4. Rational elements of G2 shown as points in F. 

Acknowledgements. 

I would like to express my gratitude to the Doppler Institute of the Czech Tech- 
nical University for the hospitality extended to me in Prague and in Deci'n, where 
the work was started. 

I would like to thank Dr. J. Patera for helpful discussions and comments. 

References 

[1] N. Bourbaki, Groupcs et Algebres de Lie, Chapters IV, V, VI, Paris: Hermann, 1968. 

[2] M. R. Brcmner, R. V. Moody, J. Patera, Tables of Dominant Weight Multiplicities for Rep- 
resentations of Simple Lie Algebras, New York: Marcel Dekker, 1985. 

[3] R,. Gaskell, R. T. Sharp, Generating functions for G2 characters and subgroup branching 
rules, J. Math. Phys., 22 (1981), 2736-9. 

[4] S. Grimm, J. Patera, Decomposition of tensor products of the fundamental representations 
of Eg, in Advances in Mathematical Sciences — CRM's 25 Years, ed. L. Vinet, CRM Proc. 
Lecture Notes, vol. 11, Amer. Math. Soc, Providence, RI, (1997), 329-355. 

[5] J. Hrivnak, J. Patera, On discretization of tori of compact simple Lie groups, J. Phys. A: 
Math. Theor., 42 (2009), 385208 |arXiv:0905!239 5 . 

[6] V. Kac, Automorphisms of finite order od semi-simple Lie algebras, Funct. Anal, and Appl., 
3 (1969), 252-254. 



iVl 


1 
1 





q 



q 










D 







Q 








1 


1 


[so, Si , S2] 


|i,U, UJ 


[0, i, UJ 


fi 1 nl 


rn n 1 1 
[U, 0, IJ 


To 1 nl 

J-i UJ 


ri n 1 1 


F/i 1 nl 
14, i, UJ 


Fq n 1 1 
[3, U, IJ 
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Fq 1 11 
[3, 1, i] 


Fl 1 1 


Fq q 1 1 
13, 3, IJ 
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(•SI S2\ 
^ M ' M ' 


In n\ 




(,3 , 


(U, 3) 


V4> Uj 


iUi 4 J 




(U, gj 


("1 1^ 
(^6' 6-' 


(•1 M 
(7- 7) 




(4' s-* 


^4' 12' 


/I 1 -1 
>-3 ' 12 ' 


C(1,0) 


6 


-2 


-3 


6 


-2 


2 


1 


-2 


1 


-1 


-2 





-2 


-1 


C(o,i) 


6 


-2 





-3 


2 


-2 


4 


1 


-2 


-1 





-2 


-1 


-2 




12 


-4 





-6 


-4 


4 


-4 


2 


2 


5 


4 





2 


-2 


C(2,0) 


6 


6 


-3 


6 


-2 


-2 


-3 


6 


-3 


-1 


2 


-2 


-2 


1 
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-2 


-2 





-3 





-1 


-2 


2 


1 


4 


C(0,3) 


6 
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6 
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-2 


-2 


-2 


-2 


-1 





-2 


2 


-2 


X{1.0) 


14 


-2 


-1 


5 


2 


2 


7 


1 


1 











-1 


-1 


X(0,l) 


7 


-1 


1 


-2 


3 


-1 


5 


2 


-1 





1 


-1 





-1 


X(l,l) 


64 





—2 


1 








18 








1 
















8 





-1 


8 





4 


3 





3 


1 





2 





1 


^(0.1) 


6 


-2 





-3 


2 


-2 


4 


1 


-2 


-1 





-2 


-1 


-2 


>^fl,l) 


30 


-2 





-15 


-2 


-2 


4 


1 


-2 


2 


2 


-2 


1 


-2 


xfi,()) 


20 


-4 


-1 


2 


4 





11 


2 


-1 


-1 





-2 


-2 


-3 


^(0,1) 


8 





2 


-1 


4 





6 


3 





1 


2 





1 





^(1,1) 


70 


-2 


-5 


-2 


-2 


2 


19 


-2 


1 





-2 





-2 


-1 



Table 4. Values of the lowest C-functions at all the points in F representing the conjugacy classes of rational elements of Gi- The 

first row contains the order M of an clement, the second row shows its Kac coordinates, the 3rd row shows the coordinates of the point in 
tO-basis of F . Subsequent rows contain the values of the C-functions shown in the head of each row. 
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